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The isogeometric analysis employs the non-uniform rational B-splines (NURBS) 
as the basis or shape functions for geometry description as well as finite element 
analysis, which seamlessly bridging the computer aided geometry design and the 
subsequent computational analysis. This approach effectively eliminates the geometry 
modeling error induced by finite element discretization. Meanwhile arbitrary higher 
order smoothing approximation can be readily realized in the isogeometric analysis 
which is very desirable for higher order problems. However the isogeometric analysis 
utilizes tensor product operation for multidimensional model refinement and shape 
function construction. This structured mesh refinement method makes efficient local 
model refinement very different for isogeometric analysis, even more difficult than 
the finite element local mesh refinement. On the other hand, the node-based meshfree 
method only use the nodal information to build the shape function and thus local 
refinement through adding or deleting nodes is quite straightforward and easy for 
implementation. By taking the advantages of isogeometric analysis and meshfree 
methods, in this thesis a consistently coupled isogeometric-meshfree method is 
proposed. 
In order to consistently couple the isogeometric analysis and meshfree method, 
the reproducing or consistence conditions of n-th order polynomials for B-spline basis 
functions are studied in detail. It is shown that unlike the reproducing kernel meshfree 
shape functions that satisfy the reproducing conditions with the nodal points as the 
universal reproducing locations, the polynomial reproducing points for different 
orders of B-spline basis functions are different and consequently a rational method is 
presented to compute these reproducing points for B-spline basis functions. Both 
theoretical proof and computational justification of the reproducing conditions for 
B-spline basis functions are given. The reproducing conditions lay out a solid 
















Subsequently within the framework of reproducing conditions, a mixed reproducing 
point vector is proposed to ensure the polynomial reproduction for both the B-spline 
basis functions and reproducing kernel shape functions, which naturally leads to a 
rational coupling approximation and smoothing transition between the B-spline basis 
functions and the reproducing kernel shape functions in the problem domain. 
Consequently the coupled isogeometric-meshfree method is established. This method 
combines the advantages of geometric exactness for isogeometric analysis and local 
refinement easiness for meshfree method. Furthermore higher order smoothing 
approximation can be straightforwardly achieved by this coupled method. A series of 
benchmark examples demonstrate that the coupled isogeometric-meshfree method 
yields accurate and optimally convergent numerical solutions. 
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图 1.2 板壳经典的边界自锁问题 
2005 年 Hughes 等学者提出了等几何分析方法（Isogeometric Analysis），直





















图 1.3 研究对象的几何形状描述：(a)无网格离散；(b)等几何离散 
1.2 无网格法和等几何分析的研究现状 
从 20 世纪 70 年代至今已经出现了十余种各具特色的无网格方法。最初
Lucy[19]等提出的光滑质点流体动力学（SPH）方法，Monaghan[20, 21]等发展了 SPH
方法，将其定义为核近似方法。而后 Nayroles[22]等将移动最小二乘近似（MLS）
引入 Galerkin 法中，提出了漫射元法（DEM）。Belytschko[5]等对 DEM 进行了改
进，提出了无单元 Galerkin 法（EFGM）。1994 年，Liu[23, 24]等利用积分再生核思
想提出了“再生核无网格法”（RKPM）。EFGM 和 RKPM都采用了 Galerkin 法，
































于有限元和无网格法的混合分层近似方法，充实 FE 和 EFG 的形函数保留问题的
连续性和一致性。Wang[35]等利用再生条件提出了求解非均质材料的再生核粒子




（Reproducing kernel element method, RKEM），该方法利用了无网格与有限元各
自的优势，形函数具有插值特性。Wang 和 Chen[41]在 2008 年提出了 Hermite 再
生核（Hermite Reproducing Kernel, HRK）无网格法，该方法采用 Hermite 再生核





























提高 2 阶。Hughes 和 Auricchio 等研究了几何精确 NURBS 有限元方法的有效积
分方法[56, 57]。为了提高等几何 NURBS 有限元分析方法的计算效率，Wang[58]等
学者提出了将无网格分析方法中的稳定节点积分方法发展到等几何分析中，提出
了基于应变光滑积分 NURBS 有限元法，此积分方法的计算效率比高斯积分方法
提高 1-2倍。Bazilevs 等已经把几何精确 NURBS 有限元分析用于波动问题[59, 60]
以及流固交互作用问题[61, 62]的求解。Lipton[63]等对等几何分析结构离散的鲁棒性
进行了分析。对于等几何分析的结构形状最优化以及敏感性，Wall[64], Qian[65], 




限元方法。Shaw 和 Roy[76]构造了一种基于 NURBS 的参数无网格方法，并将其
应用于求解固体力学问题。Simpson 和 Scott[77]提出了等几何边界单元分析方法。
近来，Sederberg 和 Hughes[78-80]等学者将能够局部细化网格的 T 样条方法引入到
几何精确分析中，使得几何精确 NURBS 有限元分析方法的细化分析得到了进一
步的发展。 


































格会造成各个方向相关网格同时加密增加了冗余的控制点（如图 1.4 和图 1.5所
示，空心点为 NURBS 求解过程中加密网格所增加的冗余控制点），使得局部网
格加密成为一个难以解决的问题，甚至比传统有限元的网格细化还要困难。国际
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